Mathematical Physiology Today:
Examples of Synergies

Raymond Mejia
Laboratory of Cardiac Energetics, NHLBI, NIH, Bethesda, MD 20892-1061 USA, ray@bhelix.nih.gov

Abstract

We will illustrate advances in mathematical and computational biology during the past decade by
showing advances in the mathematical modeling of physiological processes with emphasis on renal phys-
iology. Access to mammalian and other genomes has provided fundamental information for the quan-
tification and elucidation of biological phenomena. In addition, technological advances in measurement
and analysis of experimental data make it possible to address physiological questions that have not been
possible to study heretofore. We provide examples of synergies derived from these advances.
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1 Introduction

The state-of-the-art in mathematical and computational biology is presently advancing rapidly. The breadth
of topics covered at the Gordon Research Conference on Mathematical and Theoretical Biology ([8], [9])
shows emerging, active areas of investigation. Topics in the 2004 Conference ([10]) included: systems biol-
ogy, modeling transcriptional control in gene regulatory networks, biofluids and biological gels, motors and
biological motion, innovations in theoretical immunology, neurobiology, spatial components in the modeling
of ecological processes, and emergent species and diseases invasion. Several of these areas of investigation
will influence significantly how we model biological phenomena. We describe advances in mathematical mod-
eling in renal physiology that have resulted from developments in genomics, proteomics, bioinformatics and
related technologies.

2 Models

Mathematical models of physiological processes have been successful at quantification and have provided
insight into basic function. Nevertheless, in-vivo and in-vitro experiments often have limitations that re-
strict the ability to measure physical or physiological parameters required by models. However, techniques
of molecular biology now permit indirect measurement of quantities that can complement physiological mea-
surements. Access to these data is facilitated by databases and bioinformatics tools ([22]) that permit search
and analysis by integrative biologists.
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Figure 1: Section about 0.25 mm? taken approximately 50 um from the tip of the rat papilla. AQPI is
labeled in green; CIC-K1 is labeled in red.

2.1 Urine Concentration

The ability of the mammalian kidney to produce a concentrated urine permits excretion of by-products
of metabolism and retention of water and other solutes that are important to maintain homeostasis ([1]).
The architecture of the rat kidney was first described by Kriz ([12]). Since then, the urine concentration
mechanism of several species has been studied and modeled ([24], [25], [26], [27], [20], [13], [16]), but the
mechanism is yet to be fully understood. The mechanism for generation of a concentration profile in the outer
medulla is well understood, but the mechanism in the inner medulla is not ([29], [14]). Use of physiologic
parameters measured in-vitro do not yield interstitial profiles observed in tissue slices and by micropuncture.
Thus, models suggest that some parameters measured in-vitro are at variance with those in-vivo and models
may not account for an important mechanism..

Microperfusion of dissected tubules has made it possible to measure transport rates in-vitro. The tech-
nique to microperfuse tubule segments in a bathing solution was pioneered by Orloff and Burg ([2]) in the
mid 1960s to measure water and solute transport properties. By manipulating the composition of a bathing
solution and the composition of the perfusate, measurement of the composition of the outflow permits cal-
culation of the tubule’s permeability to water and solutes. Modelers of the urine concentrating mechanism
have used in-vivo measurements where available and in-vitro measurements as well as other approximations
where necessary.

Microperfusion requires the ability to dissect renal tubules, and it has been especially difficult to dissect
segments from the outer medulla of rodents. These segments are much less accessible than tubule segments
in the renal cortex or the more distal inner medulla. Hence, transport parameters in nephron segments in
the outer medulla have often been inferred from those of adjoining segments and from the histology of cells
that form the tubes. In addition, tubule transport properties may vary along the length of lumen dissected,



while a perfusion experiment permits measurement of net transport in the segment perfused. Techniques
of molecular biology [[7]] make it possible to label and identify transport proteins in portions of the kidney
inaccessible for dissection. In addition, proteomic analysis used to measure proteins in tissues([28]) provides
models with data obtained in various physiologic conditions.

Figure 2: Section about 0.25 mm? taken at the junction of the inner and outer medulla. AQP1 is labeled in
green; CIC-K1 is labeled in red.

2.2 Immunomorphometry

Low water permeability has been reported in deep inner medullary segments of chinchilla and rat ([4]).
Recently, Mejia and Wade ([21]) have used immunofluorescent immunolabeling to label transporters in tissue
sections of renal inner medulla. Table 1 shows the number of descending thin limbs (DTL), ascending thin
limbs (ATL) and vasa recta (VR) labeled by antibodies for rat specific chloride channel protein (CIC-K1),
aquaporin 1 (AQP1) and von Willebrand Factor (vWF') at various depths of the inner medulla. The number
of loops of Henle decreases toward the tip of the medulla, and Table 1 shows that the fraction of descending
limbs that express water transporter AQP1 decreases as well. Conversely, the fraction of DTL that label
positive for CIC increases toward the tip. Moreover, thin limbs turning from descending to ascending have
been shown to be labeled by CIC-K1 antibody on either side of the bend (Fig. 4 in [21]). The number of
vasa recta labeled by vWF also decreases with proximity to the medullary tip due to reduced blood flow in
the inner medulla.

Fig. 1 shows a section about 0.25 mm? taken about 50 wm from the tip of rat papilla. Chloride channel
(CIC-K1) is labeled in red; aquaporin 1 (AQP1) is labeled in green. Since descending limbs turn below the
section to return as ascending limbs, we infer that over 60% of descending limbs shown in this section are
labeled by the CIC-K1 antibody. Fig. 2 is a section taken at the junction of the inner and outer medulla,
where more loops are labeled and a larger fraction of DTL is shown to be AQP1 positive.



Distance to Tip Labeled by | Labeled by | Estimated % Labeled by
Ccic AQP1 ATL! DTL vWF

wm (ATL) (DTL)? Incidence | with AQP1 VR

0 < 200 (3)° 84E 27 5+ 4 15+ 13 11 35+ 4 (2)°

200 < 400 (7)3 75+ 23 14+ 4 44+ 12 32 46+ 3 (3)*

400 < 900 (12)3 112+ 22 31+ 14 71+ 18 44 43+ 4 (3)*

Junction IM-OM (3)3 216 £21 97+ 10 156 £15 62 744 18 (2)*

L (AQP1 + CIC)/2

2 DTL labeled by AQP1 = structures labeled by AQP1 — structures labeled by vWF

3(n) is average for n sections labeled for loops of Henle at this depth

(n) is average for n sections labeled for vasa recta at this depth

Table 1: Brattleboro rat tubules labeled and estimates of DTL, ATL and VR.

2.3 Kidney Model

A five-nephron population model ([20]), shown schematically in Fig. 3 and described in the Appendix, has
been used to study the urine concentration mechanism. Transport parameters shown in Table 2 have been
used to study changes in urine composition due to parameter changes along the nephron that are suggested
by the immunomorphometric study described in the previous section. Water and NaCl permeabilities are
modified near the turn in the loop of Henle relative to a control experiment. In the control experiment, water
permeability (Py) of long descending limbs (DTLyyy) is taken to be uniform for each nephron population.
In the turn experiment, water permeability is reduced to 11 gm/s and NaCl permeability is increased to 25
em /s near the turn of the loop. A range of values for a parameter in the table means that the value varies as
a function of nephron population. For example, P; equal to 106-109 in DTLrr means a water permeability
of 106 wm/s in populations 2 and 3 and 109 pum/s in populations 4 and 5. Other parameters are as in ([20]).

Fig. 4 shows NaCl mass flow in the collecting duct. The outflow of the collecting duct forms the urine,
and NaCl excretion is shown to increase from 10 pmol/min in the control to 14 pmol/min in the turn
experiment with reduced water permeability and increased NaCl permeability at the turn of the loops of
Henle. Fig. 5 shows urea mass flow in the collecting duct, and urea excretion is shown to be equal in both
experiments. Urine flow is shown to remain unchanged in Fig. 6.

2.4 Databases

Transport parameters that have been measured in several species under various physiologic conditions are
available to modelers in the Renal Parameter Database (RPDB [23]). This database provides references
to the literature where measurements are reported, summarizes the measurements, and describes experi-
mental conditions under which measurements have been made. In addition, the database links physiologic
parameters to regulatory and transporter proteins in the Collecting Duct Database (CDDB [15]).

For example, a search for AQP1 in the RPDB, Fig. 7, retrieves a record with title of publications,
experimental measurements and more as shown in Fig. 8. The title is linked to the publication through
Pubmed ([22]), and text words are linked as appropriate - see ‘water’ in Fig. 8. A request for more information
in Fig. 8 returns a list with authors, year of publication and remarks about the measurements shown in Fig. 9.
AQP1 is linked to additional information. A click on AQP1 in Fig. 9 retrieves a page, Fig. 10, from the
CDDB ([15]) that links to AQP1 homologs in the human, rat and mouse genomes as well as to additional
information about the protein. A click on water in Fig. 8 retrieves analogous data for all water transport



Pf PNaCl | Purea ]\TIZC[ Kﬁaa

Segment um/s em/s x10° pmol/mm/min | mM
PST 141-109
DTL; 141-109
DTL;y; 106-109 (11) | 0 (25) | 90
ATL 0 (25) | 0-90 541-246 50
TAL(OM) 897246 50
TAL(MR) 12 50
cCD 900 48 28
OMCD 900
IMCD; 510
IMCD; 510 75 46 28

Table 2: Transport parameters in the renal medulla are shown for the control and turn experiments (bold
font).

proteins found to be expressed in the mammalian kidney (not shown).

This is a beginning in the effort to link protein expression under varying physiologic conditions to ex-
perimental measurements. Thus, proteomic analyses, illustrated by studies from Knepper’s laboratory ([17],
[11], [28]) and the Elalouf laboratory ([6], [5]), can be used to provide integrated sets of data.

3 Conclusion

Mathematical biology is maturing rapidly as a field of scientific investigation stimulated in no small part by
technological advances applied in the biological sciences. In particular, techniques in molecular biology and
new discoveries about the genomes of many species permit us to postulate more realistic models.

Mathematical models of physiological processes benefit through the use of new techniques to obtain neces-
sary data, and databases are making it possible to integrate several levels of observation. We have illustrated
this by the use of immunofluorescent immunolabeling and of databases that integrate measurements that
are used to obtain more realistic data for mathematical models.

4 Appendix

The model of the mammalian kidney ([20]) shown schematically in Fig. 3 consists of a well-mixed cortical
interstitium, a medullary central core ([24], [25]) with highly permeable vasa recta and interstitium that
form a single compartment, and five nephron populations. Fig. 3 shows a population of short nephrons that
originate in the outer portion of the cortex and comprise approximately 70% of the nephrons in the rat and
four populations of juxtamedullary nephrons that originate near the cortico-medullary boundary and extend
into the inner medulla.

The differential equations that describe solute and water movement in the ith tube segment are as follows

O0t(A;Cir) + 0x Fiy, = — ik,

(1)
Fi, = F5uCit, — A; D1, 0, Cig,
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Figure 3: Schematic diagram of a five-nephron-population model. Short nephrons originate in the outer
cortical labyrinth, while longer nephrons originate nearer the cortico-medullary border. PST is proximal
straight tubule, DTL thin descending limb, ATL ascending thin limb. TAL thick ascending limb, DCT
distal cortical tubule, CT connecting tubule, CCD cortical collecting duct, OMCD outer medullary collecting
duct, IMCDi initial segment of inner medullary collecting duct, and IMCDt is the terminal segment of inner
medullary collecting duct.

O0tAi + 0. Fypy = —J; (2)

axpi = _RivFiv (3)

where t is time, I is the number of tube segments, and K is the number of solutes, with 1 < i < I, and
1 < k < K. A; is the cross-sectional area of tube ¢; Cy is the concentration of the kth solute in the ith
tube; x is axial distance along a tube, 0 < x < L; with L; the length of tube i. Fj; is mass flow, and Jy
is transmural solute flux of solute & in tube i. Fj, is volume flow in the axial direction in the ith tube; D
is the diffusion coefficient of the kth solute in tube i, and J;, is the transmembrane water flux. P; is the
hydrostatic pressure, and Ry, is the resistance to flow in tube i,.

Transmembrane solute and water fluxes are defined as

(1 = oik) JiwACi

Jik = 2mpiPy, ACy, + 5 + Ji,
P, - P
Jiv = —2mpiPy Vi Xk: ok ACs + RT
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Figure 4: NaCl mass flow in the collecting duct is shown for ( — ) control and ( x ) turn experiments.

where p; is the radius of tube ¢, Py is the permeability of the ith tube to the kth solute, and AC;;, = Ci, —Cyi,
with Cyy the concentration of the kth solute in the interstitium (subscript g). o is the Staverman reflection
coefficient of the wall of the ith tube for the kth solute. Active solute transport is defined by Michaelis-
Menten kinetics as Jf, = V;7?Cir /(K + Cii,) where V.7 is the maximum rate of transport, and K} is the
half-maximal concentration. Py ; is the osmotic water permeability of tube 4; V,, is the partial molar volume
of water; R is the gas constant, and T is absolute temperature.

Eqgs. 1 — 3 are solved with the initial and boundary conditions described below. The equations are solved
for each tube in the direction of flow with boundary conditions specified at the proximal end of each tube
so that for t > 0

C11(0,t) = CY,, and F1,(0,t) = FY, (4)

with superscript o indicating a specified value and

Cir(wip,t) = Cli1)p(T(i—1)ast) (5)

for1<k<K
Fiy(xip, t) = £Fi_1)0(T(i—1)d, 1) (6)
Pi(zip,t) = Pi—1)(z(i—1)d,1) (7)

for 1 < ¢ < Ij, where Iy is the number of tubes in population h; and ip and id signify the proximal and distal
end of tube i, respectively.

In the cortex, the central core (subscript ¢) is considered to be a well-mixed bath with the concentration
of each solute assumed equal to its concentration in plasma (superscript p), namely
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Figure 5: Urea mass flow in the collecting duct is shown for ( — ) control and ( x ) turn experiments.

Cer = C} (8)
for 1 < k < K and the hydrostatic pressure is prescribed by
Pe= Py (9)

In the medullary rays and the medulla the central core is taken as a tube, closed at the papilla and open
at the cortical labyrinth, through which other tubes exchange water and solutes. Boundary conditions for
the medullary core are

Fqk(Lq:t) = qu(qut) =0
Aq(Lq)athk (Lq:t) = qu (Lq:t)qu(qut) - qu(ant) (10)
PII(0>t) = Pco

for 1 <k < K and Fy, = Fy,Cgr — Ay D10, Cyr. Mass and volume conservation require

Jak (.7;, t)

- Z Jzk(xvt)
Jp(,t) = — Z Jiv(z,1)

for 0 <z < L, and all solutes £.



The initial conditions prescribed are as follows

Cir(z,0) = C%,, Fiy(z,0)=F}, Pi(z,0)=F¢ (11)

for 0 <i<1I,1< k<K, and axial position z.

Eqs. 1 — 3 are discretized using a second-order accurate finite difference method described in [19] and
solved with boundary conditions Eqgs. 4 — 10 and initial conditions Eqs. 11. The discretized equations are
then solved using the parameter continuation algorithm described in ([18]).
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Figure 6: Volume flow in the collecting duct is shown for ( — ) control and ( x ) turn experiments.
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Figure 7: Search window of Renal Parameter Data Base ([23]) shows a search for AQP1 in all search fields.
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Figure 8: Result of the search shown in Fig. 7 includes publication title, parameters reported and a link to
more information.
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Figure 10: CDDB record links to AQP1 homologs in human, rat and mouse and detailed information about
the protein.
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