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Described is a mathematical model that evaluates the distribution of cellular adeno-
sine nucleotides (ATP/ADP) to test the hypothesis that local changes in the con-
centrations of these molecules can modulate cell function without a significant
change in global cytosolic concentrations. The model incorporates knowledge of
cell structure to predict the spatial concentration profiles of ATP, ADP and in-
organic phosphate. The steady state was perturbed by increasing the activity of
membrane bound ion transporters including the Na-K ATPase on the cell periph-
ery or the V-type H+ ATPase which serves to acidify intracellular compartments
including endosomes/lysosomes. Both of these transporters utilize ATP and pro-
duce ADP and Pi in the process. Both models are run over a range of cytosolic
diffusivities, including local low diffusivity near the pump sites. Results suggest
that local changes in the concentration of ADP (not ATP) during activation of
ion transport, in particular at near membrane sites, may serve to modulate ion
transport, and thereby cell behavior.

1. Introduction

Previous studies have considered the role of barriers to diffusion of high

energy metabolites between organelles in MDCK [4] and cardiac muscle

[2,5] cells. We have used imaging techniques to identify the location of

organelles within the cell and mathematical modeling to test the hypothesis

that local changes can modulate function without significant changes in

global cytosolic concentrations.
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2. Mathematical Model

2.1. MDCK Cell
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Figure 1. A schematic diagram of a spherical section through a cell is shown. Na-K
pumps (labeled p) are shown on the periphery. Mitochondria (m), are shown about
55–65% from the center of the cell. The cytosol is labeled c, and the nucleus n.

A mathematical model of diffusion in an MDCK cell (Figure 1) is based

on a model described by Lynch, et al. [4]. The model includes Na-K pumps,

mitochondria and the cytosol. Mitochondria are restricted to approximately

10% of cell volume as shown in Fig. 2 of [4], and Na-K ATPase is distributed

uniformly in the plasmalemma in the outer 1% of the cell volume. The

concentration of species within the cell is described by the equation

C
′ = ∇ ·D∇C + S (1)

where C = [C1, C2, C3] is the vector of concentrations of ATP, ADP, and

Pi, respectively; D = [D1, D2, D3] is the corresponding vector of diffu-

sion coefficients; S = [S1, S2, S3] describes production and consumption of

species.
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Sources are described by

S1(r) =
k+

Keq

C2 C3 − k+ C1 for 0 ≤ r ≤ rC (entire cell)

+
am k+

Keq

C2 C3 for r0 ≤ r ≤ r1 (mitochondria)

− ac k+ C1 for 0 ≤ r ≤ r2 (cytosol + nucleus)

− ap k+ C1 for r2 ≤ r ≤ rC (plasma membrane)

where k+ is the dephosphorylation rate; Keq is the apparent equilibrium

constant; am is the local (pointwise) phosphorylation rate; ac is local ATP

consumption in the cytosol and nucleus; and ap is local ATP consumption

at the pump sites near the plasma membrane. The remaining source terms

are defined by

S2 = S3 = −S1

The rate of ATP phosphorylation at the mitochondria, Am, is given by

Am =
4

3
π (r3

1 − r3
0)

am k+

Keq

C0
2 C0

3

The rate of ATP dephosphorylation in the cytosol, Ac, and in the plasma

membrane, Ap, is given by

Ac =
4

3
π r3

2 ac k+ C0
1

Ap =
4

3
π (r3

c − r3
2) ap k+ C0

1

Initial and boundary conditions for all species are

Ck(r, 0) = C0
k ∀k

∂Ck

∂r
= 0 ∀k and r = rC
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Figure 2. A schematic diagram of a rectangular section through a cylindrical smooth
muscle cell shows mitochondria distributed uniformly throughout the cell (M), lysosomes
labeled L at six locations on the section, and a nucleus (N).

2.2. Muscle Cell

A smooth muscle cell is represented in the model by a cylinder with a

nucleus at the center of the cell (Figure 2). Mitochondria are distributed

uniformly throughout the cell with a central nucleus (Figure 3). Endosomes

and lysosomes are distributed as shown in (Figure 4). V-type channels that

hydrolyze ATP are located at the endosomes/lysosomes.

Figure 3. Mitochondria were labeled in an A7R5 smooth muscle cell using an inner
membrane specific antibody. The nucleus is labeled (N), and the scale bar is 20 µm in
length.



October 2, 2006 7:28 Proceedings Trim Size: 9in x 6in paper

5

Figure 4. The endosomal/lysosomal compartments in an A7R5 cell were loaded with
Texas Red labeled dextran, and the cell was transfected with a construct encoding EGFP
(enhanced green fluorescent protein) coupled to a target sequence that retains the EGFP
in the Golgi apparatus (not included in this model). The cell nucleus is labeled n, and
the scale bar is 10 µm.

Equation 1 is solved with the ATP source term defined by

S1(h, r) =
k+

Keq

C2 C3 − k+ C1 for (h, r) ∈ M − N (cell excluding nucleus)

+
am k+

Keq

C2 C3 for (h, r) ∈ M − N − L (mitochondria)

− ac k+ C1 for (h, r) ∈ M − N (cytosol)

− ap k+ C1 for (h, r) ∈ L (endosomes/lysosomes)

where h is the major coordinate (height of the cylinder) and r the minor

coordinate (radius) of point (h, r). M labels the cell; N the cell nucleus,

and L a lysosome.

For muscle, the phosphorylation and dephosphorylation terms are

Am = π
(

r2
MhM − r2

NhN − 4`(r2
L + δrL)hL

)

am

k+

Keq

C0
2 C0

3

Ac = π(r2
MhM − r2

NhN ) ac k+ C0
1

Ap = 4π` (r2
L + δrL) hL ap k+ C0

1

where rM is the cell radius, and rN is the radius of the nucleus. hM , hN

and hL are the width of the cell, nucleus and a lysosome, respectively. ` is
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the number of lysosomes on a cylindrical plane, and δ is the distance of a

lysosome from the major axis of the cell.

Initial and boundary conditions for all species are

Ck(r, h, 0) = C0
k ∀k, (h, r) ∈ M − N

∂Ck

∂r
= 0 ∀k and (r, ·) ∈ M ∩ N or (r, ·) ∈ ∂M

∂Ck

∂h
= 0 ∀k and (·, h) ∈ M ∩ N or (·, h) ∈ ∂M

3. Model Results

In each model a system of partial differential equations (Equation 1) is

solved using FEMLAB [1]. The time-dependent equations are solved until

a steady-state solution is obtained.

Table 1. Parameters used by MDCK Model.

Symbol Value Description

rC 6.4 × 10−4 cell radius ( cm)
r0 55%rC inside radius for distribution of mitochondria ( cm)
r1 65%rC outside radius for distribution of mitochondria ( cm)
r2 rC − 1%rC inside radius for distribution of pumps ( cm)
C0

1
1 – 4 initial [ATP] (mM)

C0
2

28 – 40 initial [ADP] (µM)
C0

3
1 initial [Pi] (mM)

Keq C0
2
C0

3
/C0

1
apparent equilibrium constant (M)

k+ 1 × 10−5 dephosphorylation rate at equilibrium (s−1)
D1 10−8 – 10−6 ATP diffusion (cm2/s)
D2 10−8 – 10−6 ADP diffusion (cm2/s)
D3 10−8 – 10−6 Pi diffusion (cm2/s)
Am 7.8 × 10−14 initial rate of phosphorylation at mitochondria (moles/min)
Ac 7.0 × 10−14 ATP consumption rate in cytosol and nucleus (moles/min)
Ap 7.8 × 10−15 initial rate of ATP consumption by Na-K ATPase at

plasma membrane (moles/min)

3.1. Results of MDCK Model

Parameters used to describe the model are shown in Table 1. Concentra-

tions reported in the literature, [ATP] from 1 – 4 mM and for [ADP] from

28 – 40 µM, were used as initial values without any qualitative difference in
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the solution. Hence, results for one set of initial values are described here.

Figure 5 shows [ATP] for pump rate Ap = 7.8 × 10−15 (moles/min) [3].

The concentration of ATP is a maximum at the mitochondria, decreases in

the cytosol with distance from the mitochondria, and reaches a minimum

at the periphery of the cell.

Figure 5. ATP concentration is shown for a circular section of an MDCK cell. The
nucleus is in the center, and the mitochondria are restricted (as shown in Figure 1) to the
band indicated as dark red. Since ATP is produced at this location, ATP concentrations
are highest. Analogously, ADP utilization (to form ATP) is the highest in this location
causing ADP to reach a minimum (not shown).

When diffusion is restricted near the pump sites, even as the pump rate

increases, ATP concentration is reduced only moderately - from a maximum

of 4 mM at the mitochondria to a minimum of 3.8 mM at the pumps under

the most extreme conditions shown. However, [ADP] increases significantly

as Ap increases and as diffusion is restricted as shown in Figure 6). [Pi]

changes moderately in a manner analogous to [ATP].

3.2. Results of Muscle Model

Parameters used to describe this model are shown in Table 2. The num-

ber of endosomes/lysosomes per plane perpendicular to the centerline of
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Figure 6. [ADP] is shown as a function of cell radius as Ap (ATP utilization rate at
the plasma membrane) is increased from the initial low rate (black line) to five times
this rate (green) and to ten times the initial rate (red line). The dotted lines show the
concentration when diffusion at the periphery (the outer 1% of the cell) is reduced by
two orders of magnitude to 10−8 cm2/s.

the cell, `, was varied to obtain a representative distribution (Figure 4).

Figure 7 shows ADP concentration for Ap = 10% Ac and uniform diffusion

throughout the cell of 10−6 cm2/s to vary from a minimum of 25.8 µM

in the cytosol to a maximum of 29.4 µM at the lysosomes. However, with

diffusion reduced to 10−8 cm2/s at the lysosomes, [ADP] increases to 72.5

µM (Table 3).

4. Discussion

By setting Ap = 0, the equivalent of blocking all transport of Na-K ATPase,

we observe a quiescent MDCK cell with no concentration gradients. [ADP]

increases at the pump sites as Ap is increased from the control pump rate [4]

(black line of Figure 7) to five (green line), and to ten times the control rate

(red line). Concomitantly, [ADP] decreases at the mitochondria (Figure 7)

as Ap is increased, while [ATP] and [Pi] vary inversely. As diffusivity is

reduced at the plasma membrane, [ADP] increases (dots on Figure 7). This

shows an increase by a factor of two and a factor of four, respectively, in



October 2, 2006 7:28 Proceedings Trim Size: 9in x 6in paper

9

local [ADP] at the plasmalemma, while the global concentration of ATP,

ADP and Pi does not change much.

The model of a muscle cell shows gradients analogous to those for

MDCK cells as a consequence of increased ATPase activity or restricted

local diffusion. An increase in acidification rate in lysosomes shows a mod-

erate increase in [ADP] locally (Table 3) that increases more sharply when

diffusion is restricted locally. Since the activities of the transporters them-

selves are sensitive to the relative ATP and ADP concentrations via mass

action, our findings suggest that local changes in pump activity (increased

local ADP) may negatively influence turnover rate. In addition, ion chan-

nels that are sensitive to ATP/ADP, such as the KATP channels could

be regulated by changes in local pump activity. Based on these consider-

ations, activity based changes in local ADP, and thereby the ATP/ADP,

may provide a mechanism for altering cell function. Moreover, mechanisms

for buffering of these local changes in adenine nucleotides may be important

for regulating this signaling activity.
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rM 10 × 10−4 cell radius ( cm)
rN 2.5 × 10−4 radius of cell nucleus ( cm)
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1
4 initial [ATP] (mM)

C0
2

28 initial [ADP] (µM)
C0

3
1 initial [Pi] (mM)

Keq C0
2
C0

3
/C0

1
apparent equilibrium constant (M)

k+ 1 × 10−5 dephosphorylation rate at equilibrium (s−1)
D1 10−8 – 10−6 ATP diffusion (cm2/s)
D2 10−8 – 10−6 ADP diffusion (cm2/s)
D3 10−8 – 10−6 Pi diffusion (cm2/s)
Am 7.7 × 10−14 rate of phosphorylation at mitochondria for Ap = 10%Ac (moles/min)
Ac 7.0 × 10−14 ATP consumption rate in cytosol (moles/min)
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Figure 7. ADP concentration is shown with the assumption of uniform diffusion
throughout the cell, and the geometry as shown in Figure 2.
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Table 3. ADP and ATP concentration as function
of Ap and diffusivity at L.

Ap Diffusivity [ADP] [ATP]
%Ac cm2/s µM mM

max min max min

5 10−6 28.8 26.6 4.00 4.00
5 10−7 31.2 26.6 4.00 4.00
5 10−8 54.7 26.6 4.00 3.97

10 10−6 29.4 25.8 4.00 4.00
10 10−7 33.5 25.8 4.00 3.99
10 10−8 72.5 25.8 4.00 3.96

20 10−6 30.6 24.2 4.00 4.00
20 10−7 38.0 24.2 4.00 3.99
20 10−8 108.0 24.2 4.00 3.92


